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The implication in (5) is not reversible, in general, as is shown in the following.

Example 2.31. Let FS(X,E), FS(Y,T) be classes of fuzzy soft sets and f:
FS(X,E)—>FS(Y,T) as defined in Example 2.22. For (5) define
mappings u: X »Yandy: E—>T as
u(@)=y, u(b)=y, u(c)=z
V(&)= v (&)=t v (&)=1,, y(e, )=t .
Choose two fuzzy soft setsin FS(Y,T) as
Fo ={t; \(x,0.8),(y.0).(z,0)},
s =1{t; \(x,0.3),(y,0.1),(z,0.5)}.
Then calculations give
fYF)=0cd=f"(G,)butF,zG,

3. Fuzzy soft point and its neighborhood structure

Definition 3.1. A fuzzy soft point F, over (U,E) is a special fuzzy soft set, defined

by F,(a)=p, ifa=e; where p_ =0if a=e.

Definition 3.2. Let F, be a fuzzy soft set over (U,E)and G, be a fuzzy soft point
over (U,E). Then we say that G, € F, if and only if He, S MEA =F,(e) ie,

He, (X) < },LEFA(X) forall xeU .
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Definition 3.3. A fuzzy soft set F, is said to be a neighborhood of a fuzzy soft point

G, if there exists H, et such that G, e H, cF,. Then clearly, every open fuzzy

e

soft set is a neighborhood of each of its points.

Theorem 3.4. Let F, € FS(U,E). Then F, et ifand only if F, isa neighborhood
of each of its fuzzy soft points.

Proof. If F, et , then obviously F, is a neighborhood of each of its fuzzy soft points.

Conversely, let F, is a neighborhood of each of its fuzzy soft points. Then for any

e

F* eF,,a el there exists G/‘é etsuch that F” e GZ} cF,.Sothat VF’ <

VGZg c F, __ _ ()[where union is taken over the set of alloc e"and all e E].
We now show that v F,” = F,. Since each F;" (a) c F,(a), whereeeEand a eI,
there exists o €I'such that F*(a)=F,(a). Therefore v F}(a)=F,(a), where

union is taken over the set of all oo eI"and all e E . It implies that VF," =F,

_@

From (1) and (2) we get F , = VGZQ . Again since each Gf\g er,\“/GZ(, et . Hence

F,et.

Definition 3.5. The collection of all neighborhoods of a point F, over (U,E) is called

the neighborhood system at F, and it is denoted by n £ -

Theorem 3.6. The neighborhood system Ne, at any point F, over (U, E) satisfy the
following properties

() ne #6,

(i) G, eng = F. ENe

(iif) G, , Hg eng, =G, AHg S
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(iv) G, €Ng and G, < H, = Hgene .

Proof. (i) Since Eetand F, eE, thus E en,. and hence 1. #¢

(i) Obvious.

(iii) Since G, and H, ene , there exist V, and W, in t suchthat F, eV, G,

e

and F, eW, cHy . Thus p (X)S“VeAl (x) and He, (x)su\,evBl (x) forall xeU .
Therefore we have He (x):min{p,t\‘jAl (x),p,t\j"vBl (x)} for all xeU. So,

He, eu\‘jAl (x)mu\j,a1 (x) Vg, ° That is, F, eV, AW, €G,AHg. Again since
1
Vo AWg €T, GuAH g emg .

(iv) Obvious.

Definition 3.7. The union of all fuzzy soft open subsets of F, over (U, E) is called the

interior of F, and is denoted by int ®(F,) .

Example 3.8. Let E = {e,,e, ,e,}, U={c,,c,,C, }and A, B, C be the subsets of E,
where A = {e¢,e,} B = {e,,e;} and C = {e,,e;} and also let
r:{dD,E, FA,GB,HEZ,IE,JB,Kez}be a fuzzy soft topology over (U,E)where
FaiGg.He e, Jg . K, are fuzzy soft set over (U, E) , defined as follows

ug  ={050.7504}, u* ={0.30.8,0.7},

ne  ={04,06,03}, g ={0.2,0.4,0.45},

i, ={0.3,0.6,03},
2

up  ={050.7504} p ={04,080.7 pP ={0.2,04,045}

) )
E E

ny  ={0.4,08,0.7}, p* ={0.2,0.4,0.45},

i, ={0.308,07},
2
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Now let us consider a fuzzy soft set L. as follows

pi ={0.7,08 p7 ={0409, p2 ={020303.
0.5}, 0.7},

Therefore int®(L;)=F, VH, VK, =F,

Proposition 3.9. int*(F, AG,)=int"(F,)Aint *(G,).

Proof. Since F, AG, cF,,thus int®(F, XG,)cint *(F,).

Similarly, int®(F, AG,)cint®(G,). Therefore int®(F, AG,)< int®(F,)A
int ®(G,). Let H, et suchthat H. cint®(F,)Aint®(G,). Then H cint *(F,)
and H, cint®(G,). Thatis H_(e) c F,(e) "Gy (e) =(F, AG,)(e) forall ecE.
So, H.(e)c F,(e)nG;(e) =(F, AGg)(e)for all ecE. Thus H, c(F, AG;).
SoH. = int®(H,) & int®(F, AG) This implies that int®(F,)Aint *(G,) &

int®(F, AG,)This completes the proof.

Definition 3.10. Let F, e FS(U, E) be a fuzzy soft set. Then the intersection of all
closed sets, each containing F,, is called the closure of F, and is denoted by

c ®(F,).

Example 3.11. Let us consider the example 3.8 and a fuzzy soft set Lez, where

Mo, ={0.5,0.2,0.6}. Then |_G = . Therefore cl fs(LEZ):G,C3 AHT =Gg .
)

B

4. Fuzzy soft compact spaces
Definition 4.1. Let ¥ be a collection of fuzzy soft sets. Then we say that ¥ is a

cover of a fuzzy softset F, if F, < V{G;: G; € ¥ }. Further, if each member of
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WV is a fuzzy soft open set . Then we say that ¥ is a fuzzy soft open cover. Also, if H

is a subfamily of ¥ which is also a cover. Then we say H is a subcover of V.

Definition 4.2. Assume that (X,E,tr) is fuzzy soft topological space and F, €
FS(X,E). Then we say that F, isa fuzzy soft compact if and only if for each fuzzy

soft open cover of F, has a finite subcover. Moreover, for any fuzzy soft topological

space (X,E,t) is said to be compact if each fuzzy soft open cover of E has a finite

subcover.

Example 4.3. A fuzzy soft topological space (X, E,t) iscompact if X is finite.

Example 4.4. Let (X,E,t) and (Y,T,o) be two fuzzy soft topological spaces and t

C o. Then, fuzzy soft topological space (X, E,t) is compact if (Y,T,c)is compact.

Proposition 4.5. Let G, be a fuzzy soft closed set in fuzzy soft compact space

(X,E,t). Then G; isalso compact.

Proof. Let I'={ Fj\ : 1€ |} be any open covering of G, where | an index set.

Then E & (\y Fi)Vv Gy ,thatis, F, together with fuzzy soft open  G,° isa
iel Set

open covering of E . Therefore there exists a finite subcovering F: ,FAf E,h” , G ‘.

Hence we obtain E & F,i1 “F,fQ V..V Flv Gy . Therefore, we get G, & Fjl

Fi V..VvFy ¥ G4° which clearly implies Gy & F, - "F. V..V F. since G,

A G,° =®. Hence G, has a finite subcovering and so is compact.
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Definition 4.6. Let (X,E,t) be a fuzzy soft topological space over X and x,ye
X such that x=y. If there exist fuzzy soft open sets F, and G, suchthat x€ F,,

y€ G, and F, A Gg=®, then(X, E,t) is called a fuzzy soft Hausdorff space.

Proposition 4.7. Let G, be a fuzzy soft compact set in fuzzy soft Hausdorff space
(X,E,t). Then G, isclosed.

Proof. Let x € G,°. For each y € G,, we have x=y, so there are disjoint fuzzy
softopen sets F, and HY sothat x € F) andy eH{ . Then {H?! :y€G;}isan

fuzzy soft open cover of G;. Let {H2 ,H , .., HZ } be a finite subcover. Then

n
A FJ isan open set x and contained in G;° . Thus G, is fuzzy soft
j=1  containing

open and G; isclosed.

Theorem 4.8. Let (X,E,t) and (Y,T,6) be fuzzy soft topological spaces and
(u, v) : (X,E,r) —(Y,T,0) continuous and onto fuzzy soft function. If (X,E,t) is

fuzzy soft compact, then (Y, T,o) is fuzzy soft compact,

Proof. To prove that (Y,T,c) is a fuzzy soft compact, we will use Theorem 2.28. and

Theorem 2.30. Let F be any open covering of T, i.e., T & \7 A . Then (uy)™

M) € y) ™ (VF,) and (E) & V(uw)™'(Fy)). So (uw)*(F))is an open

iel iel

covering of E.As (X,E,1) is compact, there are 1, 2, ..., n'in | such that

Ec v(uw)*(F,)). Since (¢, ) is  surjective, we  have
i=1
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T= (u,\v)(E)c(uw)(\/(u,w) (FA))—V((u,\v)(u,\u) (FA))—\/F' So we have

i=1

T & F, ,ie, T iscovered bya finite numberof ' .Hence o iscompact.
i=1

F ¥.T, )

Definition 4.9. Let (X,E,t) and (Y,T,6) be two fuzzy soft topological spaces. A
fuzzy soft mapping (uy):(X,E,1)—(Y,T,6) is called fuzzy soft closed if
(u,w)(F,)is fuzzy soft closed set in (Y,T,c), for all fuzzy soft closed set F, in
(X,E1).

Theorem 4.10. Let (X,E,t) be a fuzzy soft topological space and (Y,T,c) be a
fuzzy soft Hausdorff space. Fuzzy soft mapping (u,y )is closed if fuzzy soft mapping

(u,w):(X,E,t)—(Y,T,o) is continuous.

Proof. Let G, be any fuzzy soft closed set in (X,E,t). By theorem 4.5 we have G,
is compact. Since fuzzy soft mapping (u,y ) is continuous, fuzzy soft set (u,y )(Gg) is
compact in (Y, T,6). As (Y,T,c)is fuzzy soft Hausdorff space, fuzzy soft set
(u,w)(Gy) isclosed. Then Fuzzy soft mapping (u,y ) is closed.

Definition 4.11. A family I' of fuzzy soft sets has the finite intersection property if
the intersection of the members of each finite subfamily of T is not the null fuzzy

soft set.

Theorem 4.12. A fuzzy soft topological space is compact if and only if each family of
fuzzy soft closed sets with the finite intersection property has a nonnull intersection.
Proof. Let I' be any family of fuzzy soft closed subset such that

/\{FI : eFleI} ®. Consider Q= {(F ) feF,ieI}.SoQisafuzzy soft

open cover of E. As fuzzy soft topological space | is compact, there exists a finite

" nitro™ pro{ewomd

download the free trial online at nitropdf.com/professional


mailto:alsalem@gmail.com

Dr. Shuker Mahmood Khalil // Department of Mathematics, College of Science,
University of Basra, Iraq // E-mail: (shuker.alsalem@gmail.com) // 2018//

subcovering (F*)°,(F?)¢, (F")°.Then AF' =E-VF' =E—E=®.Hence I’
A A, A A A

can not have finite intersection property.

Conversely, Assume that a fuzzy soft topological space is not compact. Then

any fuzzy soft open cover of E has not a finite subcover. Let {F; 'l € 1} be fuzzy soft
open cover of E.So _\?IF; # E . Therefore _751(Fg ) =D, Thus,{(F,; ) :iel} have

finite intersection property. By using hypothesis, /\ F #® and we have v F. = E.

iel

A

This is a contradiction. Thus the fuzzy soft topological space is compact.

5. Q-neighborhood structure and accumulation point

Definition 5.1. A fuzzy soft point G, is said to be a quasi-coincident with F, ,

denoted by G, qF, ifand only if p. (x)+ “EA (x) >1 forsome xeU .

Definition 5.2. A fuzzy soft set H, is said to be a quasi-coincident with F;, denoted

by H, qF; ifand only if p,ZA (x)+H!; (x) >1for some xeU and ec A(B.

Definition 5.3. A fuzzy soft set F, is called a Q-neighborhood of G, if and only if

there exists H, et such that G, qH and H, cF,.

Proposition 5.4. H, cF, ifandonlyif H, and F,° are not quasi-coincident.

In particular, G, € H, ifand only if G, is not a quasi-coincident with H

Proof. This follows from the fact:
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He €F0 < gy, (O<sp () for all xeU and ecE <

u; )+p C(x):ueHB(x)Jrl—uiA(x)slforall xeUand ecE.

B FA
Proposition 5.5. Let £, be a family of Q-neighborhood of a fuzzy soft point G, in

a fuzzy soft topological space 7 .

MIfF, Co, , then G, is quasi-coincident with F, ,
(i)If F, e, and F,& Hy,then H, € Co

(i) If F, € Co, , then there exists H, e C. suchthat H, £ F, and H, e Cy for
G

every fuzzy soft point 1, which is quasi-coincident with H,

Proof. (i) suppose F, € (;Ge . Then there exists 1. et suchthat G,ql, and I. C F,
. That is, pg (X,)+ ufc (x,)>1 for some x, eU . Again u,ec (x) < H:: (x) for all
xeU . Therefore p, (x0)+p§A(x0)2 M, (x0)+uf’c (x,)>1. Hence G, is quasi-

coincident with F, .
(ii) obvious.

(iif) Suppose F, €Cq - Then there exists H, e Ce, such that G, gH, and
Hy CF,. That is, there exists Hy < (¢ such that G, qH,; and H, c F, . Let 1,

be any fuzzy soft point which is quasi-coincident with H; . Therefore H; € Cld .

Proposition 5.6. Let {FAJ'j }ior be a family of fuzzy soft sets over (U, E) . Then a fuzzy

soft point G, is quasi-coincident with v F, ifand only if G, q F,! forsome jeT .

Proof. Obvious.
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Theorem 5.7. A subfamily [ of a fuzzy soft topology t over (U,E) is a base for t
if and only if for each fuzzy soft point G, and for each Q-neighborhood F, of G, ,

there exists a member H, < 8 such that G, qH, and H, cF,.

Proof. First we suppose that  isabase for t . Let G, be a fuzzy soft point and F,
be a Q-neighborhood of G, . Then there exists 1. et suchthat G, ql.and I. &F

Since I etand B isabase for T, by theorem 2.19, I, can be expressed as \; Hg
jed

where H, ef forall jeJ. Therefore G, is a quasi-coincident with ; H, . So
jed

there exists some Hg, such that G, qH; and Hg CFa. This proves the necessary

part of the theorem. We shall now prove the sufficient part of the theorem. If possible,

let B is not a base for t. Then there exists F, et such that
G={H,eB|H; S F,}#F,. Therefore there exists eeE such that

n® (x)<p® (x) for some xeU. Thus p° (X)+1-p°(x)>1. That | qF

IS
G Fa Fa G e A

where p, (x)=1- p@ (x). So by the given condition there exists H, € 3 such that

I, qHzand H, cF,. Since H, €G, it follows that pu°® (x)<p (x). That is
He o

p,iB (x) + M (x) <1, which contradicts the fact that I. gH;. This completes the

proof.

Theorem 5.8. A fuzzy soft point G, <cl®(F,) if and only if each Q-neighborhood
of G, isa quasi-coincident with F, .
Proof. G, ecl®(F,)ifand only if for every closed set H, containing F,,G, € H,

ie, pn° ()= (X)for all xeU. That is, G ecl®(F )if and only if

Mg Ge e A

1- pf, (x) < 1—uG (x) for all xeU and for all closed set F,c H,. Therefore
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uy () <1- He, (x)for all xeU . In other words, for every fuzzy soft open set I
satisfying u.ec (%) >1—Hse (x) for some xeU, I. is not contained in F,”. Again

I. isnot contained in F,° if and only if I. isa quasi-coincident with F, . We have
thus proved that G, e cl®(F,)ifand only if every open Q-neighborhood 1. of G, is
quasi -coincident with F, , which is evidently equivalent to what we want to prove.
Definition 5.9. A fuzzy soft point G, is called an adherence point of a fuzzy soft set
F, ifand only if every Q-neighborhood of G, is a quasi-coincident with F, .

Proposition 5.10. Every fuzzy soft point of F, is an adherence point of F, .

Proof. Obvious

Definition 5.11. A fuzzy soft point G, is called an accumulation point of a fuzzy soft
set F, if G, is an adherence point of F, and every Q-neighborhood of G, and F,
are quasi-coincident at some fuzzy soft point different from e, whenever G, €F, .
The union of all accumulation points of F, is called the derived set of F, , denoted
by F,°

Theorem 5.12. ¢l ®(F,)=F, VF,°

Proof. Let p={G, :G, is an adherent point of F,}. Then by theorem 5.8,
c®(F,)=vp.Now G, ep ifand only if either G,eF, or G,eF," . Hence
d®(F,)=vp=F,vF,

Corollary 5.13. A fuzzy soft set F, € FS(U,E)is closed in a fuzzy soft topological

space (U,E,t)ifand only if F, contains all its accumulation points.

Proof. Obvious from the theorem 5.12.

EXERCISES
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5.1) Let (U,E,y)be a fuzzy soft topological space and [3 be a sub collection of

such that every member of y is a union of some members of . Then 3 is a fuzzy
soft base for the fuzzy soft topology v on (U,E).

5.2) A collection of fuzzy soft sets over (U,E) is a subbase for a suitable fuzzy soft
topology v ifand only if

(i) ® € Q or @ isthe intersection of a finite number of members of .

(i) E =vQ.

5.3) Let (u, y) : (X,E,t1)— (Y,T,0)be a fuzzy soft continuous closed mapping from
fuzzy soft compact space (X,E,t) on to fuzzy soft space (Y,T,6). Then  (u, v)
(Gg) is fuzzy soft compact set in(Y,T,c), ifG, is a fuzzy soft closed set in fuzzy
soft compact space (X, E,1)

54) Let (u, v) :(X,E,1)— (Y,T,0)be a fuzzy soft continuous from fuzzy soft
compact space (X, E,t) on to fuzzy soft Hausdorff space (Y,T,c). Then (u, yv)(G;)
is fuzzy soft compact set in(Y,T,c), ifG, is a fuzzy soft closed set in fuzzy soft

compact space (X, E,t)

5.5) Let (u, v) :(X,E,1)— (Y,T,0)be a fuzzy soft continuous from fuzzy soft
compact space (X, E,t) on to fuzzy soft Hausdorff space (Y,T,c). Then (u, yv)(G;)
is fuzzy soft closed set in(Y,T,c), ifG; is a fuzzy soft closed set in fuzzy soft

compact space (X, E,t)

5.6) Let C G, be a family of Q-neighborhood of a fuzzy soft point G, in a fuzzy soft
topological space t . If H; isnot quasi-coincident with F, e QGe ,then H.® (;Ge .

5.7) H, and F, are quasi-coincident if and only if F,° doesn't contain H,

5.8) Let {FA"J_ };or be a family of fuzzy soft sets over (U,E). Then a fuzzy soft point

e

with

G, is not quasi-coincident v FA"J_ if and only if G, and F}j are not quasi-

coincident forall jerI .
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5.8) A subfamily B of a fuzzy soft topology t over (U,E)is a base for t if and
only if for each fuzzy soft point G, and for each Q-neighborhood F, of G, , there
exists a member H, € , where H; is quasi-coincident with G, but not quasi-
coincident with F,° .

5.9) A fuzzy soft point G, ¢ cl®(F,) if and only if there exists Q-neighborhood of
G, isnot quasi-coincident with F, .

5.10) A fuzzy soft point G, ¢cl®(F,) Each Q-neighborhood of G, is quasi-

coincident with F, ifand only if G, is not quasi-coincident with (cl ®(F,))°.
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