CHAPTER 28

Series Solutions
Near a Reqular
Singular Point

REGULAR SINGULAR POINTS
The point xy is a regular singular point of the second-order homogeneous linear differential equation
v+ P(x)y + Q(x)y=0 (28.1)

if X, is not an ordinary point (see Chapter 27) but both (x — xo)P(x) and (x —x,)*>Q(x) are analytic at x,. We only
consider regular singular points at x, = 0; if this is not the case, then the change of variables 7 = x —x, will translate
Xg to the origin.

METHOD OF FROBENIUS
Theorem 28.1. I x=0is a regular singular point of (28./7), then the equation has at least one solution of

the form

oo

where A and a, (n=0, 1, 2, ...) are constants. This solution is valid in an interval
0 < x < R for some real number R,

To evaluate the coefficients a, and A in Theorem 28.1, one proceeds as in the power series method of
Chapter 27. The infinite series

Ty - . G At n
y=x za”x = za”.l

n=1( n=0

=a,x* +ax"" +ax" 4 ta,_ X" vax " +a, K 4 (28.2)
with its derivatives
y =hap* 1+ A+ Dayd + (A + 2)apt L+ -
+h+n—Da,_ 2" 2+ A+na P "L+ A+ n+ Da, o 2"+ oo (28.3)
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and V' =MA = Dagx* 2+ b+ DWad ™'+ A+ 2)(h+ Dagd + -
+h+n—DA+n-2a, "3+ A+ mh+n- Dax**7-2
+e (28.4)

+ O+ n+ DO+ ma, , xM 1
are substituted into Eq. (28.7). Terms with like powers of x are collected together and set equal to zero. When
this is done for x" the resulting equation is a recurrence formula. A quadratic equation in A, called the indicial
equation, arises when the coefficient of x° is set to zero and ay is left arbitrary.

The two roots of the indicial equation can be real or complex. If complex they will occur in a conjugate
pair and the complex solutions that they produce can be combined (by using Euler’s relations and the identity
x4t = xap*ib Inxy (o form real solutions. In this book we shall, for simplicity, suppose that both roots of the
indicial equation are real. Then, if A is taken as the larger indicial root, A = A, > A,, the method of Frobenius

always vields a solution
w®=x"Y a,()x" (28.5)
n=0

to Eq. (28.1). [We have written a,(A) to indicate the coefficients produced by the method when A =2,.]
If P(x) and Q(x) are quotients of polynomials, it is usually easier first to multiply (28.7) by their lowest
common denominator and then to apply the method of Frobenius to the resulting equation.

GENERAL SOLUTION

The method of Frobenius always yvields one solution to (28.7) of the form (28.5). The general solution (see
Theorem 8.2) has the form y = c;v;(x) + ¢, y,(x) where c; and ¢, are arbitrary constants and y,(x) is a second
solution of (28.7) that is linearly independent from y,(x). The method for obtaining this second solution depends
on the relationship between the two roots of the indicial equation.

Case 1. If A, — A, is not an integer, then
Y (x)=x" Y a,(hy)x" (28.6)
n=0
where y,(x) is obtained in an identical manner as y,(x) by the method of Frobenius, using A, in place of ;.

Case 2. IfA;=2,, then
¥, (@) =y @ Inx+x" Y bA)x" (28.7)
n=0

To generate this solution, keep the recurrence formula in terms of A and use it to find the coefficients
a,(n > 1) in terms of both A and a,, where the coefficient g, remains arbitrary. Substitute these a,, into
Eq. (28.2) to obtain a function y(A, x) which depends on the variables A and x. Then

_dy(\,x)
»(x)= Fren i (28.8)
Case 3. If A, — A, =N, a positive integer, then
Y@ =d y)nx+x7Y d (h)x" (28.9)
n=0

To generate this solution, first try the method of Frobenius. with A,. If it yields a second solution, then
this solution is y,(x), having the form of (28.9) with d_; = 0. Otherwise, proceed as in Case 2 to generate
(A, x), whence

J
»(x)= ﬁ[(l =)y 0l (28.10)
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Solved Problems

28.1. Determine whether x = 0 is a regular singular point of the differential equation
Y —xy+2y=0

As shown in Problem 27.1, x=0 is an ordinary pont of this differential equation, so it cannot be a regular
singular point.

28.2. Determine whether x = 0 is a regular singular point of the differential equation

2x3y” + Tx(x + 1)y —3y=0

Dividing by 2x?, we have

Pl = 7(;;+1)

-3
and Q(x)= 7

As shown in Problem 27.7, x = 0 is a singular point. Furthermore, both
xP(x) = %(x +1) and Xx'Q(x)= —%

are analytic everywhere: the first is a polynomial and the second a constant. Hence, both are analytic at x =0, and
this point is a regular singular point.

28.3. Determine whether x = 0 is a regular singular point of the differential equation
Y +2:3Y +y=0
Dividing by x>, we have
Px)= 2 and Q(x)= LS
X X
Neither of these functions is defined at x = 0, so this point is a singular point. Here,

xP(x)=2 and xZQ(x)zl
X

The first of these terms is analytic everywhere, but the second is undefined at x = 0 and not analytic there. Therefore,
x =0 is not a regular singular point for the given differential equation.

28.4. Determine whether x = 0 is a regular singular point of the differential equation

8x2y” + 10xy + (x— D)y=0
Dividing by 8x2, we have
1 1

5
P(X)—E and Q(X)—g—g

Neither of these functions is defined at x = 0, so this point is a singular point. Furthermore, both
5 2 1
xP(x) = 7 and x°Q(x)= g(x -1

are analytic everywhere: the first is a constant and the second a polynomial. Hence, both are analytic at x =0, and
this point is a regular singular point.
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28.5.

28.6.
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Find a recurrence formula and the indicial equation for an infinite series solution around x = O for the
differential equation given in Problem 28.4.

It follows from Problem 28.4 that x = 0 is a regular singular point of the differential equation, so Theorem 24.1
holds. Substituting Eqs. (28.2) through (28.4) into the left side of the given differential equation and combining
coefficients of like powers of x, we obtain

X8AMA — Dag + 10hag — apl + ¥ [8(h + DAa; + 10(A + Da; + ay— a;] + -
+ X8+ m)A+n — Da,+ 100+ n)a, +a, 1—a,]+---=0
Dividing by x* and simplifying, we have
[8A2 + 2A — 1]ag + x[(8A% + 18X + D)a; + ag] + -+
+X{[BA+n)2+2A+n) — 1a,+ay_ 13+ =0
Factoring the coefficient of a, and equating the coefficient of each power of x to zero, we find

(8N +2h—1Day=0 ()
and, forn=>1,
[4+n) — 12+ n) + 1la, +a, ;=0

an = L an—l
(400 + 1) —1][2(A + m) +1] @

or,

Equation (2) is a recurrence formula for this differential equation.
From (1), either @y =0 or

8\2+2A—1=0 3)

It is convenient to keep ag arbitrary; therefore, we must choose A to satisfy (3), which is the indicial equation.

Find the general solution near x = 0 of 8x2y” + 10xy’ + (x — 1)y =0.

The roots of the indicial equation given by (3) of Problem 28.5 are A, =+, and A, =—1. Since A, —A, =2,

the solution is given by Eqs. (28.5) and (28.6). Substituting A =1 into the recurrence formula (2) of Problem 28.5
and simplifying, we obtain

a, :_—141”71 (n=1)
2n(4n+3)
-1 -1 1
Thus, a=—a, a=—a,=—a,,
e Pt 616
and v (x) = apx"! l—ix+Lx2+~~
' ’ 147 616

Substituting A =—+ into recurrence formula (2) of Problem 28.5 and simplifying, we obtain

-1
an: an—l
2n(4n —-3)
1 -1 1
Thus, a=——a, a,=—a,=—40a,,
1 2 0 2 20 1 40 0

1 1
and N=ax*1-=x+—x*+.-
»(x)=a, [ 5 10
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28.7.

28.8.

The general solution is

Y= (%) + 6, 9,(x)

where k; = ¢1aq and k, = cya,.
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Find a recurrence formula and the indicial equation for an infinite series solution around x = O for the

differential equation

2x3y” + Tx(x + 1)y —3y=0

It follows from Problem 28.2 that x = 0 is a regular singular point of the differential equation, so Theorem 28.1
holds. Substituting Eqs. (28.2) through (28.4) into the left side of the given differential equation and combining

coefficients of like powers of x, we obtain
KP2MA — Dag + Thag — 3ag] + x* P20 + DAay + Thag + 7 + Day — 3a1] + -
+ X 2(h+ m)(A+ 1 — Da, + Th+n— Da, |+ 7+ na,—3a,]+ -0
Dividing by x* and simplifying, we have
(@A + 5h — 3)ag + x[(2A> + O + Da; + Thag] + -+
+xM 2+ )2+ 5h+n) = 3la, + TA+n—1a,_}+--=0
Factoring the coefficient of a, and equating each coefficient to zero, we find

(X2 + 5A—3)a,=0
and, forn=>1,

2+ 1) — 1[(A+ 1) +3la,+ 7h+n—Da, =0

B “Th+n-1) .
T2+ -1+ +3] !

or,

n

Equation (2) is a recurrence formula for this differential equation.
From (1), either a5 =0 or
2A2+50-3=0

It is convenient to keep aj arbitrary; therefore, We require A to satisfy the indicial equation (3).

Find the general solution near x = 0 of 2x*y” + 7x(x + 1)y’ — 3y =0.

o)

2

&)

The roots of the indicial equation given by (3) of Problem 28.7 are A, =1 and A, =-3. Since A, — A, =1, the

solution is given by Egs. (28.5) and (28.6). Substituting A=1 into (2) of Problem 287 and simplifying,

2

we obtain
o =21Cn7D s
2n(2n+7)
Thus, alz—lao, azz—galzﬂ%,
18 44 792

7 147
and N)=ax"1-=—x+—x"+--
»n(x) =a, 18 790
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28.9.

28.10.
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Substituting A = =3 into (2) of Problem 28.7 and simplifying, we obtain

an:M ., (=]
n(2n—"17)
21 7 49 7 343
Thus, alz—?ao, az——gal ?ao, 032—502_— 15 % a, =

and, since a, =0, a, =0 for n = 4. Thus,
21 49 343
X=ax?|1-x+—=x*-2=x°
¥, (%) 0 5 5 15
The general solution is

Y= (%) + 6,0,(X)

=kx" l—lx+ﬂx2+m +kyx” 1—§x+£xz—ﬁx3
18 792 5 5 15

where k; = ¢1ay and k, = ¢, a,.

Find the general solution near x = 0 of 3x*y” — xy’ +y=0.

Here P(x) = —1/(3x) and Q(x) = 1/(3x®); hence, x = 0 is a regular singular point and the method of Frobenius is
applicable. Substituting Egs. (28.2) through (28.4) into the differential equation and simplifying, we have

ABAZ—4h + ag+ x* T BA2+ 20y + - + 2T B+ )2 — 4+ m) + 1]a, + --- =0
Dividing by x* and equating all coefficients to zero, we find
BN —4h+ Day=0 ()
and BAr+n?—4r+m+1la,=0 @®=1) (2)

From (1), we conclude that the indicial equation is 3A? — 4\ + 1 = 0, which has roots A; =1 and A, = +

Since A, — A, =32, the solution is given by Egs. (28.5) and (28.6). Note that for either value of A, (2) is satisfied by
simply choosing a, =0, n > 1. Thus,

y,(x) = x' z ax"=ax y,(x)=x" z a,x" = ax"
n=0 n=0

and the general solution is

y =) + 2950 = kyx + kpx!?

where k; = ¢1ay and k, = c,a,,.

Use the method of Frobenius to find one solution near x = 0 of x2y” + xy’ + x%y = 0.

Here P(x)=1/x and Q(x) = 1, so x =0 is a regular singular point and the method of Frobenius is applicable.
Substituting Eqgs. (28.2) through (28.4) into the left side of the differential equation, as given, and combining
coefficients of like powers of x, we obtain

A 2] + T+ D2ag] + 20 T2+ 22ay + agl + - + X A+ m)2a, +a, 5]+ =0
Thus, May=0 )
(A+1)%a; =0 2

and, forn>2, A+ mn’a,+a, ,=0,or,

-1

= P 3
an (}\I+n)2 an—z (n>2) ( )
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The stipulation n > 2 is required in (3) because a,, _, is not defined for n =0 or n=1. From (7), the indicial equation
is A2 =0, which has roots, A, =2, =0. Thus, we will obtain only one solution of the form of (28.5); the second solution,
¥,(x), will have the form of (28.7).

Substituting A =0 into (2) and (3), we find that a; =0 and a,=—(1/n)a,_,. Since a;=0, it follows that

0=a3=as=a;=---. Furthermore,
a ——la ——;a a ——La ——;a
o4 2anr Tt 16t 2f)r
oty oo 1 1
*T o3t 2@t BT 284n? °

- (=Dk _
and, in general, a,, :W ay (k=1,2,3,...). Thus,
(x)=ax0 1_;x2+;x4+...+ix2k+...
N ‘ 221? 242n? 2% (k1y?

N =D s
_QOZ{)ZZ"(M)Z X (4)

28.11. Find the general solution near x = O to the differential equation given in Problem 28.10.

One solution is given by (4) in Problem 28.10. Because the roots of the indicial equation are equal, we use Eq. (28.8)
to generate a second linearly independent solution. The recurrence formula is (3) of Problem 28.10, augmented by (2)
of Problem 28.10 for the special case n= 1. From (2), @; = 0, which implies that 0 = a3 = as=a, = ---. Then, from (3),

-1 -1 1
a4, =———a,, a,= a, = a,
R N (o SV
Substituting these values into Eq. (28.2), we have

1 1
7\, — 7»__ A+2 s A+ 4
yA.x) a{x a+2 " TGrdnior s T }

a . N . - .
Recall that ﬁ(xx y=x"*lInx. (When differentiating with respect to A, x can be thought of as a constant.) Thus,
dy(h,x) =a, Plnx + 2 Sxmz_ ! Zxx+z
i (A+2) A+2)
_ 2 xx+4 _ 2 xx+4
A+ 4’ (A+2)? A+ h+2)°
+%x“4 Inx+---
A+DH*'(A+2)
and
ady(A,x) 2, 1,
xX)=—"" =g¢g,/Inx+—=x" ——x Inx
nO==0 oo 20 2t

2 . 2 .4 I 4
—4322x —Wx +4222x Inx+---

:(lnx)ao{l—z;xz+%x4+,.}
2an” 2%
+a{zx—(1)—%[l+1]+..1
2an T 2' 2Nt 2

x x! 3
_yl(x) lnx+a0|:m(l)—m[5]+...:| (])

which is the form claimed in Eq. (28.7). The general solution is y = ¢;y1(x) + ¢, y,(x).
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28.12.

28.13.

28.14.
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Use the method of Frobenius to find one solution near x = 0 of x2y” —xy’ + y=0.

Here P(x) =—1/x and Q(x) = I/x%, so x= 0 is a regular singular point and the method of Frobenius is applicable.
Substituting Egs. (28.2) through (28.4) into the left side of the differential equation, as given, and combining coefficients
of like powers of x, we obtain

A - D2ag+ M [Nay] + - + A+ )2 =20+ a) + 1a, + - =0
Thus, (A—1)%a,=0 (I
and, in general, [(A+n)? =200 +n) +1]a,=0 2)

From (1), the indicial equation is (A — 1)*> = 0, which has roots A; = A, = 1. Substituting A =1 into (2), we obtain
n’a, =0, which implies that @, = 0, n > 1. Thus, y;(x) = a,x.

Find the general solution near x = O to the differential equation given in Problem 28.12.

One solution is given in Problem 28.12. Because the roots of the indicial equation are equal, we use Eq. (28.8)
to generate a second linearly independent solution. The recurrence formula is (2) of Problem 28.12. Solving it for
a,, in terms of A, we find that a,=0 (n>1), and when these values are substituted into Eq. (28.2), we have
v (A, X) = apx™ Thus,

dy(A,x)
ar

dy(A, x)
ar

=a,x" Inx

=gx Inx=y,(x) Inx
2=1

and Y (x)=

which is precisely the form of Eq. (28.7), where, for this particular differential equation, b,(A)=0(n=0,1,2, ...).
The general solution is

Y= eyilx) + ya(x) = k(%) + kyx In x

where k; = c1ay, and k, = ¢,a,,.

Use the method of Frobenius to find one solution near x = 0 of x*y” + (x* — 2x)y’ + 2y = 0.

Here
P()c)zl—2 and Q(x)zi2
x x
so x=0 is a regular singular point and the method of Frobenius is applicable. Substituting, Eqs. (28.2) through

(28.4) into the left side of the differential equation, as given, and combining coefficients of like powers of x, we
obtain

A2 = 3%+ Dag] + xR = May + dagl + -+
XA =30+ )+ 2la, + A+ rn—Da, 3+ =0

Dividing by x*, factoring the coefficient of @,, and equating the coefficient of each power of x to zero, we obtain
(A2 =31 +2)a,=0 ()

and, in general, [(A+n) = 2][((A+n)— 1]a, + (A+n—Da,_1=0, or,

1
a =———a

R e LD @

n—1

From (1), the indicial equation is A>—3A +2 =0, which has roots A; =2 and A, = 1. Since A; — A, = 1, a positive
integer, the solution is given by Eqs. (28.5) and (28.9). Substituting A =2 into (2), we have a,=—(1/n)a, _,
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28.15.

from which we obtain

a4 =—0a
1 1

az —Eal —an

_ 1a 11 1 "
T T

- D
and, in general, a, = a,. Thus,
2 - (_1)” n 2 —x

= —_— = 3

y(x) =ayx ; . x"=ayxe 3

Find the general solution near x = O to the differential equation given in Problem 28.14.

One solution is given by (3) in Problem 28.14 for the indicial. root A; = 2. If we try the method of Frobenius
with the indicial root A, =1, recurrence formula (2) of Problem 28.14 becomes

which leaves a;, undefined because the denominator is zero when 7 = 1. Instead, we must use (28.10) to generate a
second linearly independent solution. Using the recurrence formula (2) of Problem 28.14 to solve sequentially for
a,(n=1,2,3,..)in terms of A, we find

LS S SRR S B
oAt a-n ™ BT A+DAA-1D

Substituting these values into Eq. (28.2) we obtain

_ 1 xx+1+ 1 xx+z_ 1 x7»+3+“‘
=1 AA-1) L+ DAR-1)

yAx)=a, {x’l

and, since A—A,=A—1,

(A=A y(A, x):a{(k—l)xx—xx”+lx“2— ! x“3+~1

A AMA+D)
Then
i[(7»—7» Yk x)] = a,| x* + A =Dx" Inx — x**! lnx—ixMz +lxMz Inx
AN v ‘ A A
+ 1 xx+3+ 1 xx+3_ 1 xx+3 Inx +---
AA+1D) A+ D)7 AMA+1D)
and

9 -
Y (x)= 87\,[(}\’ ¥k, x)]

A=ty =1

1 1 1
=a)| x+0—-x"Inx—x" +x Inx+=x" +=x* —=x" Inx + -

2 4 2

2 5, 1 4 3, 3 4
=(-lnx)g,| x" —x +=x"+- [+ ag)| x—x +=x"+--
2 4
2 3 3

=—y,(x) lnx+a0x(1—x +Zx +j

This is the form claimed in Eq. (28.9), with d_;, =-1, dy=ay, d, =0, d, :%ao,m. The general solution is
¥ =100 + cap2().
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28.16.

28.17.
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Use the method of Frobenius to find one solution near x = 0 of x2y” + xy’ + (x> — 1)y = 0.

Here

P(x) :l and Q(x)=1 —LZ
x x

so x = 0 is a regular singular point and the method of Frobenius is applicable. Substituting Eqs. (28.2) through (28.4)
into the left side of the differential equation, as given, and combining coefficients of like powers of x, we obtain

FA? = Dagl + X T+ 1) = 1ag + ¥ 2+ 2)% — 1]ay + ag} + -+

+xX A+ n)? - 1la, +a, 3 +--=0
Thus, (A2 = 1ay=0 "
[(A+1)* = 1la;=0 2

and, for n>2, [(A+n)?> — 1la,+a,_, =0, or,

1

anzmawz (nz22) 3

From (1), the indicial equation is A> — 1 = 0, which has roots A, = 1 and A, =—1. Since A, — A, =2, a positive integer,
the solution is given by (28.5) and (28.9). Substituting A= 1 into (2) and (3), we obtain a; = 0 and

-1
a,=———a, , (n22)
nn+2)
Since @; =0, it follows that O = a3 = as= a7 = ---. Furthermore,
-1 -1 -1 1 -1 -1
a, =—=——a,, a, a, PTG

=—a =—a,=—da,, =—a
204) 0 22121 a6) ¢ 2%231° 608) © 2%314!

and, in general,

a —ia k=172, 3, ..)
%4y 0 T T
- R
us, »®)=axy ————x “h

S0l (n+ 1)

Find the general solution near x = O to the differential equation given in Problem 28.16.

One solution is given by (4) in Problem 28.16 for the indicial root A, = 1. If we try the method of Frobenius
with the indicial root A, =—1, recurrence formula (3) of Problem 28.16 becomes

1

el 71
an—2) "’

n

which fails to define a, because the denominator is zero when n = 2. Instead, we must use Eq. (28.10) to generate
a second linearly independent solution. Using Eqs. (2) and (3) of Problem 28.16 to solve sequentially for

a,(n=1,2,3,...)in terms of A, we find 0=a@; = a3 =as=--- and
-1 1
= G 4= 7 a4y,
A+3)(A+1) A+3HA+3)*(A+1)
Thus, y(}\,, x):ao xx—;xhz_F 1 > PRI
A+3)(A+1) A+3HA+3)(A+1)

Since A—A,=A+1,

_ _ Ao -1 A2 1 A4
(A kz)y(k,x)—a{(k+l)x (k+3)x +(k+5)(k+3)2x + }
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and

%{(x — )Y, V] =a, |:x7” + A+ Dx" Inx+ m :3)2 X2

1 A+2 1 Y

C(A+3) T+ (43

- 2 PR 1 X nx + e
A +5(Rr+3)° A+ 5 (A +3)*

7
Then y,(x) = ﬁ[(k = k) y(h,x)]

A=l =-1

=aq, x’1+0+lx—lxlnx—ix3 —ix3 +Lx3 Inx+---
4 2 64 32 16

:—%(lnx)aox[l—%x2 +m]+ ao[xl +lx—ix3 +]

1 1 5
=——(Inx)y,(x) +a x| 1+=x"——x"+--- 1
2( I¥(x) +a, [ ) oA ] o)

This is in the form of (28.9) with 4 | = —l, dy=ay, d; =0, d, :lao, d3=0, d, :;—jao,m.The general solution is
Y=o + ey (). 2 4

28.18. Use the method of Frobenius to find one solution near x = 0 of x*y” + (x* + 2x)y’ — 2y = 0.

Here

P(x):1+2 and Q(x):—i2
x x

so x = 0 is a regular singular point and the method of Frobenius is applicable. Substituting Eqs. (28.2) through (28.4)
into the left side of the differential equation, as given, and combining coefficients of like powers of x, we obtain

T2+ A= 2)ag] + X T2 +30)a; + Aagl + -+
+x A+ m)2+ A +n) = 2la,+ A+n—Da,_}+---=0
Dividing by x*, factoring the coefficient of a,, and equating to zero the coefficient of each power of x, we obtain
A2+A—-2ay=0 ()
and, forn>1,
[A+n)+2][(A+n)—1]a,+ A+n—1a,_,=0
which is equivalent to

1
a =

- =1 2
n }\I+n+2an—1 (n ) ()

From (1), the indicial equation is A2+ A — 2 =0, which has roots A; = 1 and A, =—2. Since A; — A, =3, a positive
integer, the solution is given by Egs. (28.5) and (28.9). Substituting A = 1 into (2), we obtain a, = [-1/(n + 3)]a,,_1,
which in turn yields

1 3!
al——ZaO —Zao
1 1 3! 3!
1 3!
B=—=a=""=04
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and, in general,
—_1)*3!
a = (-1)*3! a,
(k +3)!
= (1) x" = (=1)"3!x"
Hence, x)=a,x|1+3! =qx y ——
W) =4 { Z‘l(n+3)! ’ 25 (n+3)!

which can be simplified to

3
9,(x) :%(2—2x+x2 —2e™) 3)

Find the general solution near x = O to the differential equation given in Problem 28.18.

One solution is given by (3) in Problem 28.18 for the indicial root A, = 1. If we try the method of Frobenius
with the indicial root A, = -2, recurrence formula (2) of Problem 28.18 becomes

n n n—1 (])

and, in general, @, = (—1)*ag/k!. Therefore,

_ 1 1 ="
= 2 —_— —_— 2 e k e
¥, (x) = a,x {1 1!x+2!x + ot 2l x5+

e (D)X o
=a,x’ (— =a,x e
This is precisely in the form of (28.9), with d_; =0 and d,, = (—1)"ay/n!. The general solution is

Yy =ci(X) + e (%)

Find a general expression for the indicial equation of (28.7).

Since x =0 is a regular singular point; xP(x) and x*>Q(x) are analytic near the origin and can be expanded in
Taylor series there. Thus,

xP(x) = ZP,,X" =p, + px+ pxt
n=0

x*0(x) = anx" =q, +qx+q,x +
n=0

Dividing by x and x?, respectively, we have
PE)=ppt +pr+pxt o Q@) =g g gyt
Substituting these two results with Eqs. (28.2) through (28.4) into (28.1) and combining, we obtain
A — Dag + Aagpy + aggel + -+ =0
which can hold only if
@[ A%+ (po— DA+ gol =0
Since ay #0 (aq 18 an arbitrary constant, hence can be chosen nonzero), the indicial equation is

A+ (po— DA+ qo=0 o)
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Find the indicial equation of x*y” + xe*y’ + (> — 1)y = 0 if the solution is required near x = 0.

Here

x

Po=% and Q@) =x-—
X X

and we have
2z
xP(x):e":1+x+%+m

Q) =x" —1==14+0x+0x" +1x° + 0x* +---

from which py= 1 and ¢, = —1. Using (/) of Problem 28.20, we obtain the indicial equation as A> — 1= 0.

Solve Problem 28.9 by an alternative method.

2.7

The given differential equation, 3x*y” — xy" + y =0, is a special case of Euler’s equation

bx™ Yy + by x0T D 4 1 byxPy” 4 byxy + by = 9(%) o)

where b;(j=0, 1, ..., n) is a constant. Euler’s equation can always be transformed into a linear differential equation
with constant coefficients by the change of variables

z=Inx or x=¢ 2
It follows from (2) and from the chain rule and the product rule of differentiation that
d_dds 1y .dy "
dx dzdx xdz dz
dy_ddy)_df, . dy) [df, .|
dx*  dx\dx | dx dz dz dz || dx
2 2
=|-e* ﬂ +e d—Z ei=e® d—Z —e ﬂ “
dz dz dz dz

Substituting Egs. (2), (3), and (4) into the given differential equation and simplifying, we obtain

d’y 4dy 1
_Z — __y +—y= 0

dz 3dz 3

Using the method of Chapter 9 we find that the solution of this last equation is y = ;€% + c,¢/V®% Then using (2)
and noting that e = (¢%!3, we have as before,

y=cx+cx!?

Solve the differential equation given in Problem 28.12 by an alternative method.

The given differential equation, x>y” — xy’ + y =0, is a special case of Euler’s equation, (/) of Problem 28.22.

Using the transformations (2), (3), and (4) of Problem 28.22, we reduce the given equation to

2
ﬂ_zd_+

=0
dz?  dz Y

The solution to this equation is (see Chapter 9) y = ¢,€° + ¢,z¢*. Then, using (2) of Problem 28.22, we have for the
solution of the original differential equation

y=cx+coxInx

as before.
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28.24. Find the general solution near x = 0 of the Aypergeometric equation
x(1-x)y"+[C—(A+B+ 1)x]y’— ABy=0

where A and B are any real numbers, and C is any real nonintegral number.

Since x = 0 is a regular singular point, the method of Frobenius is applicable. Substituting, Eqs. (28.2) through
(28.4) into the differential equation, simplifying and equating the coefficient of each power of x to zero, we obtain

A2+ (C-DA=0 )

as the indicial equation and

_(k+n)(k+n+A+B)+ABa

. )
A+n+DA+n+C)

n+1

as the recurrence formula. The roots of (7) are A; =0and A, =1 — C; hence, A, — A, = C — 1. Since C is not an integer,
the solution of the hypergeometric equation is given by Egs. (28.5) and (28.6).
Substituting A = 0 into (2), we have

_n(n+A+B)+ABa
T (m+Dn+C) "

n+1

which is equivalent to

_(A+n)(B+n)a

n+1 n

1+ D(n+0)
Thus
AB  AB
Lll = ?ao = an
_(A+D)(B+1) _ A(A+DBB+1)
ST+ T ey o

C(A+2)(B+2)  AA+D(A+2)BB+1)(B+2)
To3c+2 T 31C(C + 1)(C +2)

0

and y1(x) = agF (A, B; C; x), where

F(A,B;c;x):1+£x+wx2
1c 21CC+1)
, AA+DA+DBBHIBD) ;5

31C(C+1)(C +2)

The series F(A, B; C, x) is known as the hypergeometric series; it can be shown that this series converges for —1 <x < 1.
It is customary to assign the arbitrary constant ag the value 1. Then y;(x) = F(4, B; C; x) and the hypergeometric series
is a solution of the hypergeometric equation.

To find y,(x), we substitute A = 1 — C into (2) and obtain

_(+1-Ont1+A+B-CO)+ AB
n+2-C)n+1) "

_(A-Cn+h(B-Ctntl)
B n+2-C)n+1) "

n+1

or n+1

Solving for a, in terms of a,, and again setting a, = 1, it follows that
V@) =x'"CFA-C+1,B-C+1,;2—-C;x)

The general solution is y = ¢;y(X) + ¢, y5(X).
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Supplementary Problems

In Problems 28.25 through 28.33, find two linearly independent solutions to the given differential equations.

28.25. 2%y —xy’ + (1 —x)y=0 28.26. 2%+ (P —x)y +y=0

28.27. 3% -2y —(2+x3y=0 28.28. xy"+y —-y=0

28.29. 2y +xy +:5y=0 28.30. X+ (x—x)y —y=0

2831. xy"—(x+1)y—y=0 2832 4l + (dx+ 203y +(Bx—1Dy=0

28.33. XY+ (2 -3x)y —(x—-4)y=0

In Problem 28.34 through 28.38, find the general solution to the given equations using the method described in Problem 28.22.
2834, 42y +4xy’ —y=0 28.35. x%y—3xy +4y=0

28.36. 2%y + 1lxy’ +4y=0 28.37. x}'-2y=0

28.38. X%y —6xy =0



CHAPTER 29

ome Classical
Differential Equations

CLASSICAL DIFFERENTIAL EQUATIONS

Because some special differential equations have been studied for many years, both for the aesthetic beauty
of their solutions and because they lend themselves to many physical applications, they may be considered
classical. We have already seen an example of such an equation, the equation of Legendre, in Problem 27.13.

We will touch upon four classical equations: the Chebyshev differential equation, named in honor of Pafnuty
Chebyshey (1821-1894): the Hermite differential equation, so named because of Charles Hermite (1822-1901):
the Laguerre differential equation, labeled after Edmond Laguerre (1834—1886); and the Legendre differential
equation, so titled because of Adrien Legendre (1752—1833). These equations are given in Table 29-1 below:

Table 29-1
(Note: n=0,1,2,3,...)

Chebyshev Differential Equation (1-x% y—-xy' + ;;2_\.- =0

Hermite Differential Equation V' =2xy"+2ny=0

Laguerre Differential Equation "+ (1 =x)y +ny=0

Legendre Differential Equation (1 =23y —2xy +n(n+1)y=0

POLYNOMIAL SOLUTIONS AND ASSOCIATED CONCEPTS

One of the most important properties these four equations possess, is the fact that they have polynomial
solutions. naturally called Chebyshev polynomials, Hermite polynomials, etc.

There are many ways to obtain these polynomial solutions. One way is to employ series techniques, as
discussed in Chapters 27 and 28. An alternate way is by the use of Rodrigues formulas, so named in honor of
0. Rodrigues (1794-1851), a French banker. This method makes use of repeated differentiations (see, for example,
Problem 29.1).

These polynomial solutions can also be obtained by the use of generating functions. In this approach, infinite
series expansions of the specific function “generates™ the desired polynomials (see Problem 29.3). It should be
noted. from a computational perspective, that this approach becomes more time-consuming the further along
we go in the series.
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