General Approximation Problem Husgam L. Saad

Example 1.4, Let F = R2, V = {(z,9) : 22+ 42 > 1}, F = 0,0, |- | = || - |2

Discuss existence of best approximation.

Solution. The problem of determining the point in V' which is nearest to (0,0) has no

solution. i.e., there is no best approximation to f from V.

If Vi = {(x,9) : 2° + ¥* = 1} then all points that satisfy x* + 4> = 1 is a best
approximation to f = (0,0). ie., the best approximation to f from V] is exists and

not unique.

X2+ y2: 1

Definition 1.7. A sequence {z,} in a normed linear space is said to converge to a

point x* and we write x, — ¥ if ||z, — 2| — 0 as n — oo.

Definition 1.8. We say that § = inf X if there exists a sequence {x,}52, € X such

that z, — 0 asn — oo.

Definition 1.9. An element h* € V' satisfying || f — h*|| = éﬂlf/ | f — R is called a best
&

approximation of { with respect to V.

Definition 1.10. A subset V of IF is said to be compact if every sequence of points in

V' has a subsequence which is converge to a point of V.

Theorem 1.5. Let V' be a compact subset of IF, then there exists h* € V' such that

If=h I <[lf =hl VheV
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Proof. Let & = }lbﬂlf/ |f — k. We want to show that there exists h* € V such that
&

| f—h*]| = d. From the definition of infimum there exists a sequence of points {h, 22 | €

V such that |f — hy,|| — & as n — oo. Since V' is compact, it follows that there exists

a subsequence of {h, 157 | converging to h* € V.

f—h"={(f—h, + (b, — h*).
If =25 < (I = Rl + [ hr — B7l.
when n — oo we get
If =A< 6. (1.5)

Note that
) égf \f=h|<||f=h| VheV

Since h* € V we get

o< [If = A7) (1.6)
From (1.5) and (1.6) we get
If A% =4
By
If =R <|f=h] YheW
h* is a best approximation of f. L]

Remark 1.6. Compactness of V' is a sufficient condition for a best approximation to

exist and not necessary.

Example 1.5. Let F = R, V = (—o0,1], || - |1 = | - |. Discuss existence of best

approximation,

Solution. Note that V' is not compact set, but there exists a best approximation to any

point f € R.
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Theorem 1.6. Let V' be a finite dimensional subspace of a normed linear space V', then

there exists a best approximation in V fo any point of IF.

Proof. Let V be such a subspace and let f € [f be the prescribed point. Then if & is

an arbitrary point of V', the point sought lies in the set

{heVi|lf —nll <|f = hol}-

This set is closed and bounded and thus compact, then by Theorem 1.5 there exists a

best approximation in V' to f € F. [

Remark 1.7. It is not possible to drop the finite dimensional requirement of the above

theorem.

Example 1.6. Let F = C|0, %} with the oc-norm, V = the space of polynomials of any

degree.

1
Solution. Letlei, hlx) =14+x+a2+---+a"eV.
—z

If = Al = max [f(z) — h(z)]

aszsh

= max | — (L +z+2® 2™

gzt 1 — @

Thus any best approzimation say h* would satisfy | f — h*|| = O which implies h* =

] . This impossible and so no best approximation exists.
—x

1.4 Uniqueness

We can investigate an example with regard to question (2).

Example 1.7. F = R?, V = {(1,%) -y € R}, f = (0,0), |- | = ||+ || Discuss

existence and uniqueness of best approximalion.
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Solution.  ||f — hlle = [0,0) — (1,5} = |(~1, ~p)llec = max{1, |y}
L W<y
>, >l
€1l = —-1<y<l.
Hence
-1y

1
1 = Al :{ ’

>1, y<—lory>1.

any point (1,%) such that —1 < y < 1 is a best approximation to f = (0,0).

i.e., the best approximation to f = (0, 0) exists and not unique.

To discuss the uniqueness of best approximation we need to define a convex set.

Definition 1.11. A set V' of a linear space F is convexr if ¥V x,y € V implies that

A+ {(1—Ny eV forall0< A<,

Geometrically: A set is convex if all line segments joining pairs of points in the set also

belongs to the set.

Theorem 1.7. If f € F and V' is a subspace of F, then the set of best approximation

to f from V', call it V™, is convex.

Proof. Let ki, ki € V*, we want to proof that Ak 4+ (1 — AR € V™.

eVt = |If=hill <If -4l

hpeVe = |f=hf <|f -2

YheV.

VheV

1f = (A1 + (L= X)) | = [[(Af + (1 = A)f) = (M + (1 = A)h5) |

= A = hD) + (1= A~
S Alf=nmll+ @ =Nf -

S Al =R+ QA =XNf -4l

<f=hl vheV.

ARt 4 (1 — MRS is a best approximation to f.
Hence Ahf + (1 — AR € V*.
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