General Approximation Problem Husgam L. Saad

Remark 1.8. This theorem has a consequence that if there are two distinct best ap-
proximation to f there are infinitely many. i.e., the set of best approximation consists

either on one element or infinitely many.

Definition 1.12. We say that ¥ is a strictly convexr normed linear space if fi # fa,
| fill =7, [ fall =7, then [|Af1+ (1 — X fo|| < r for all X satisfying 0 < A < 1.

Example 1.8. LetF = C[0,1], fi(z) = 2z, folzx) =322, |- || = || - |[1. Show that ||

is not strictly convew.

Solution. Note that f; # fo.

b 1 1
5 1
frd 0 0

B 1 1
| £zl :/ | folz)|dx = / 3;1:2|dx:/ szd:c:x3|é: 1.
a 0 0

Take A = %
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2 92 9
Hence

IAfL+ (1= A falls = 1.

|+ Iy is not strictly convex.

Theorem 1.8. In a strictly convex normed linear space B, A finite dimensional sub-

space V' contains a unique best approximation to any point f € IF,

FProof. There exists a best approximation to f from V' because V' is a finite dimensional
subspace.

Suppose that by and hs are two distinet best approximation to f.

Take A = %
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=5 %hl + %hg is also a best approximation (by convexity).
suppose that
1 1
17— hall = 17 = Rl = 1f = (s + gho)]| =7

Put fi = f — A1, fo= f — ho and notice that fi # f3 and [|fil| =7, [|f2]| = 7.
Since [F is strictly convex normed linear space

1 1
||§f1+ §f2H < (L.7)

1 1 1 1 1 1
g hit ghall =150 = ho) + 50 = ha)l| = IF = Ga + Sha)ll =7

55+ 5 fel =7
This contradicts inequality (1.7).
h1 = hs.

i.e., the best approximation is unique. [

Remark 1.9. If f and g are in Cla,b] or RY, then
laf +bgl3 = a®|| f]2 + 2ab < f, g > +b7|| 9]z,

where a,b are constants.

Proof. laf + byl = < af +bg,af + bg >
—? <f,f>+ab< fg>4ba<g f>+b<g,0>
=a®||f||5 + 2ab < f, g > +¥°| g]l5.

]

Theorem 1.9. The normed linear space Cla,b] or RN with the 2-norm is strictly

CONVERX.

Proof. Let f and g be any two distinct points of Cla, 8] or RN such that || f|2 = ||g]z =

r and note that
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IAf + (1 = Ngl3 + AL = N[ f —gl3 =221F]z + 221 =X < f,9 > +(1 - X)|glz
+AL = MIfIE -2 < f,9> +lgl3}
=2t + (1= A% + 201 — A)r?
= 3F 4 (L~ BRA=N0Y < (3 — 325}

=,

IAf + (1= Ngl3 + A1 — N f —gllf =
f#g = f-9g#0 = A1-N|f-g|3>0
= [Af+ (1 - Nglz <
= |Af+ (1 —=Nglla<r.

the normed linear space Cla,b] or RN with the 2-norm is strictly convex. [

Remark 1.10.
(1) From Theorem 1.8 and 1.9, we obtain that any point f < Cla,b] or RN has a

unique best approrimation in the finite dimensional subspace V' C Cla,b| or RN

with the 2-norm.

(2) It has been stated already that the 1-norm and co-norm in Cla,b] and in RY
are not strictly convex. If we prove that the norms are not strictly convex, then
Theorem 1.8 does not answer the uniqueness question, bul if we can demonstrate

that a best approximation from a linear subspace is nol unigque , then we may

;

deduce from Theorem 1.8 that the norm is not strictly convex.

We give examples of this kind. In each one there is a linear subspace V and
a point f such that the best approximation from V to f is not unique , where
V and f contained in either Cla,b] or in RY and where the accuracy of the

approximation is measured either by the 1-norm or by the co-norm.

Example 1.9. Let F = C[—1,1], V=0ne dimensional linear space that contains all
functions of the form hiz) = Az, -1 <z < 1,-1 <A<, flz)y=1,1-1= "l

Show that || - ||1 s not strictly convez.
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b 1
Solution. |f — 2|l / |f($)—h($)|dx/ |1 — Az|dz.
a —1
PN <1, 1£3<C] = —l&da<s]l = 0<L1—Jndl

?

! A A A
f=hli= [ QM=o 32} == —(-1-5) =2

1

If —hl|i=2 YheV. = min|f—h|1=2
helV
Hence the best approximation is not unique. i.e., the l-norm in C[—1,1] is not strictly

convex.

Example 1.10. Let F = RN, V = {h : b = (Qay,Ax2,..., zn),—1 € 2; £
1 foralli=1,2,....N,-1<A<1}, flo) = (,1,...,00) e RN || -|| = || - |l1.

Show that || - ||1 s not strictly conver.

Solution. divide the interval [—1, 1] by the points —1 =21 <z < .-+ < zx = 1 which

are equally spaced.

h_b—a_l—(—l)_ y)
T N—-1¢ =1  N—1
2
i — =
L N—1
, M —1)
=21+ —1Dh=-1+ ](\fl) i=1,2,...,N.
N N
Hf*h||1=2|f(~"ci)*h(m)\ZZH*M@I-
=1 7=1
1€ <], —1<A<]l = —1< A<l = 0<1l—Ag <2
Hence
N N N N
lf—alli=3 0 =Aa] =3 1—XY o =1 2R " z
=1 i=1 =1 i=1
N N 9 9
- 1 ‘—1]:—N 142+ +N—-1)=-N+N=0.
;x 2[ —|—N71(z ) +N71(++ 3 ) +

If —hli=N YhReV. = min|f—h|=N.
kel
Hence the best approximation is not unique. i.e., the l-norm in RY is not strictly

convex.
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